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Abstract— A discrete-time, model-based soft sensor is developed to estimate free chlorine concentration in selected
sections of a water distribution network (WDN). The study considers a benchmark network with a star-like
geometry, which is initially described by a set of nonlinear ordinary differential equations. The hydraulic
subsystem is approximated in static form, such that steady-state flows is consistent with boundary heads and
demands that drive the chlorine transport-reaction dynamics. Around a set of preselected operating points,
linear approximants are obtained and the respective exact discrete-time state-space representations are derived
under zero-order-hold interpolations. Based on this model, a bank of full-order Luenberger-type discrete-time
observers is constructed, constituting the base of the the proposed soft sensor. The observer gains are determined
through a multicriterion design procedure that combines discrete-time pole-placement requirements with a norm-
based minimization objective. Simulation results on the benchmark network indicate high-fidelity chlorine
estimation, with deviations limited to brief intervals during operating transitions.
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I. INTRODUCTION

Maintaining an adequate residual chlorine concentration throughout a WDN is a primary operational
objective, as this residual provides a protective barrier against microbial regrowth and contamination events
after treatment (indicatively see [1]-[5] and the references therecin). In practice, however, chlorine
concentration is strongly location-dependent and time-varying. It is influenced by changing flow patterns,
residence time, and reaction mechanisms in the water and at pipe walls. Real time monitoring of chlorine
within pipes is rarely feasible due to sensor cost. As a result, utilities typically rely on sparse measurements at
a small number of stations, leaving many hydraulically critical pipe sections effectively unobserved.

The problem of sparcity of real time measurements motivates the use of soft sensors that infer quality
metrics, such as chlorine concentration at unmeasured locations from routinely available telemetry, such as
boundary heads, flow-related signals, and reservoir quality measurements (see [6]-[9] and the references
therein). One direction relies on data-driven approaches, such as neural networks and other machine-learning
models, to infer variables like flow rates and key water-quality indicators. These methods are typically
motivated by the need to improve real-time monitoring and operational decision-making while reducing the
number of physical sensors, and several studies report improved accuracy and uncertainty handling compared
to baseline predictors. A second direction focuses on observer-based soft sensors, where estimation is derived
from state-space modeling and systematic estimator design. Such approaches have been used extensively for
hydraulic monitoring and diagnostic tasks, including leakage detection and parameter uncertainty.
Implementations frequently combine model-based estimation with recursive filtering concepts, including
Extended Kalman Filter-type structures, to fuse limited pressure / flow measurements with network dynamics
and deliver consistent real-time state and parameter estimates.

Since supervisory measurements are naturally acquired in discrete time, the estimation problem is posed
and solved directly in a discrete-time setting. A discrete-time formulation enables a link between sampling,
estimator dynamics, and real-time implementation constraints, while allowing the designer to directly shape
convergence and sensitivity in the time scale at which data are actually available. Toward this goal, in the
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present paper, a discrete-time, model-based soft sensor, for estimating free chlorine concentration in selected
sections of a WDN, is designed. A benchmark network with a star-like geometry is modeled initially by a set
of nonlineal ODEs. Following, the hydraulic subsystem of the network is treated in a static manner, so that
steady-state flows consistent with boundary heads and demands, drive the chlorine transport-reaction
dynamics. Around preselected operating points, a linear approximant is derived and an exact discrete-time
state-space model is obtained, under zero-order-hold assumptions. Using these results, a bank of full-order
Luenberger-type discrete-time observers is designed, ultimately forming the basis of a soft sensor. The
observer gains are selected through a multicriterion procedure that combines discrete-time pole placement
constraints with a norm-based minimization goal. Simultion results on the benchmark network demonstrate
high-fidelity chlorine reconstruction, with discrepancies confined to brief transition intervals.

II. A BENCHMARK WDN DYNAMICS

A. Nonlinear Model of the Benchmark

In this section, the dynamic model of a benchmark WDN will be developed, following the modelling
workflow in [8]. The network has a star-like geometry centred at a single junction (see [8]). Three pipes
connect the junction to three reservoirs, while an additional branch departs from the same junction toward an
aggregated consumption zone. Here, each conduit is discretized using one spatial section per pipe for the flow
dynamics and two spatial sections per pipe for the chlorine dynamics. The flow / chlorine concentration model
of the WDN becomes:

Ex=F(x)+Z(x)u (1
where x=[x1 xlo]Tz[Q1 0, O H, ¢, ¢, ¢&; ¢, ¢ c3,2:|T’ ”z[ul ”5]T=|:H1*§

H, H, 0, co]T , T(x)= [7/‘ (x)] el™, Z(x)= [zi,j (x)] €[1'” and their non-zero elements are

i
7 (x)=—Agx, /L —x; f(x.D,,&)/ (24D,), 7,(x)=4,gx,/ L, =%, f (x,,D,,&,)/ (24,D,),
7s(x)=Agx, | Ly —x; [ (x5, D5,6,) 1 (24:,D;), 7, (x) =07 (x, —x, —x,) / (4gL,),
7s(x)= —[kl +4n,x, /(Dlleﬂ'):I X, Ve(x)=4n,x (x,—x;)/ (Dlleﬂ) —kxg, 7, (x)=4n,x, (x;—x;)/
(D;Lzﬂ') —kx,, g (x)=4n,x, (x, —x)/ (D;Lzﬂ') —kxg, 7o (x)=4n,x,(x, —x,)/ D; Lyw — kx,
V1o (%) =4n,x, (x, —x,0)/ (D;L37z) kX, 2, (X)=Ag/ L, z,,(x)=—-48g/L,, z;,(x)=—4,g / L,,
z,4(x)=-b"/(4gL,), z.s(x)=12x /(D L),

7(0.D,6)=4 [/ D+Draul (40p)]".
Note that H, (ie {1,2,3}) is boundary (actuatable) pressure heads imposed by the reservoir i, Q, is the
volumetric flow rate in conduit i, Q, is the aggregated consumption flow rate, ¢, is the chlorine
concentration at section j of conduit i, ¢, is the influent chlorine concentration to the network from
reservoir 1, L, and D, are the length and inner diameter of conduit i, 4, =zD] /4, ¢ is the absolute
roughness of conduit i, g is the magnitude of the gravitational acceleration vector, b is the pressure wave
speed, p and u are the density and dynamic viscosity of the water, n,, is the number of space discretization
sections (n, =2), k, is a first order chlorine reaction rate, while 4, and A, are positive pipe friction model

parameters.

In general, E is equal to the 10x10identity matrix /,,. The hydraulic subsystem can be considered to be
static, resulting in a quasi-static flow — chlorine model. This is a valid simplification for the present soft-
sensing objective, since chlorine concentration in selected sections typically evolves on time scales that are
dominated by transport and reaction processes and by slowly varying operational conditions. For the quasi-
static case, this matrix takes on the block diagonal form E =diag{0,,,,/,}.
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B. Continuous and Discrete Time Linear Approximant of the Quasi-Static Nonlinear Model of the WDN
Let #, (j=1,...,5) be the nominal values of the inputs of the system and X, (i=1,...,10) be the
corresponding nominal values of the state variables. Furthermore, let # and x be the vectors of nominal
values of the inputs and the state variables. The operating vector of the system’s dynamics is denoted as the
pair o =(u,x), where its elements satisfy the equality ©(X,u)=T(x)+Z(X)u =0,,,, . Assuming constant
flow directions and applying series of computations it can be verified that
U =X, +Llflzf(fl’Dl’gl)/(zAlleg) s Uy =X, _szzzf()_czﬂDzogz)/(2A22D2g)a Uy =X, _L3)_C32f()_533D3553)/
(24;Dyg), 0, =% -, - X,, X, =4n i, / (DI Lz +4n,%, ), X, =4n, 5%, / (Dl k Lz +4n,%, ), %, =
4n, %X, | (Db Ly +4n,%, ), % =4n, %%, / (Dik L, +4n,%, ), X, =4n, %X, / ( DIk Loz +4n,%, ),
X, =4n, 5%, / ( Dk Ly +4n,%, ).

Note that the nonlinear algebraic system of equations is proven to be solvable with respect to x (see [8]).
Applying series of computations, it can be verified that the linear approximant of the nonlinear model (1) is of
the form

ESx=J (X,u0)0x+Z(X)Su ()
where Sx is the response of the linear approximant (2) for du = Au=u—1u , that approximates Ax=x—Xx
around the operating point o =(i,X), and where J, (¥,i1) =00 (x,u)/ 8x|uzg’x:?. Since the nonlinear system
for the determination of the nominal values of the state variables is solvable with respect to X, there exist a
nonlinear vector function, mapping the nominal values of the inputs to the nominal values of the states, i.e.,
X=o(ir) . Hence, the lincar approximant system matrices can be expressed as A(u)=J, (o (ir),it) ,

B(it)=Z(o(ir)) and the linear approximant becomes

E6)'c:A(L7)5x+B(L7)5u 3)

Define 6z = [6z - 524]T = [6x - 5x4]T and 6q = [6q, - 5q6]T = [6x; - 5x10]T .
Applying series of computations upon (3), it can be observed that the linear approximant can be rewritten as

A, (@)Sz+B (0)ou=0,,, 6G=4,,(1)6z+ A4,, (i) 5q+ B, (i) 6u 4)

Applying series of computations upon (4), it can be verified that the flow variables can be eliminated from the
chlorine concentration dynamics to yield

5q=A, (iw)6q+B,(ir)bu (%)
where 4 ()= A,,(«) and B (w)=B,(i)-A4,, ()4, (17)71 B, (i) . Under zero-order-hold assumptions, i.e.
if the input vector §u(t) is piecewise constant over each sampling interval, the exact discrete time model at

sampling instants ¢ = k7, , where k€[] ; and 7, €[l 7, takes on the form
Sq(k+1)=4,(w)6q(k)+ B, (ir)ou(k) (6)

T,

s

where 4, ()= exp(Aq (ﬁ)ﬂ) and B, ()= Iexp(Aq (LT)T)Bq (#)d7 . The measurable variables are only the
0
chlorine concentrations at the exit of conduits 2 and 3, i.e. dg, and d¢g,. Thus, the measurable output vector

is 8y(k)=C,5q(k), where non-zero elements of C, :[(cd) ]eD #are (c,),, =(c,),, =1.

ij , 2,6

II1. DISCRETE TIME SOFT SENSOR DESIGN TOWARD CHLORINE CONCENTRATION ESTIMATION

In the present section, a soft sensor, toward chlorine concentration estimation, will be designed. The soft
sensor will be based on discrete time full order Luenberger type of observers, designed on preselected sets of
operating points of the system, of the form
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3:6(k+1)=(4,(ir)-L(#)C,)5G(k)+ B, (ir)Su(k)+L(it)5y(k) ; 5§(0-)=54, (7)
where L(LT) el] ®* is an appropriate observer matrix, to be selected by the designer. The elements of L are to

be selected by the designer such that the eigenvalues of A, (&)—L(i)C, are appropriately adjusted. It can

readily be verified that the discrete time linear approximant (6) is observable, hence arbitrary eigenvalue
assignment of 4, (i) L(&)C, can be achieved by appropriately selecting the elements of L. Let

py(z)= det(z]6 -4, (LT)+L(L7)Cd), p(2)= det(216 —4, (17)) ®)
Let 7z,, (i=1,...,6) are the roots of p,(z) and 7, (i=1,...,6) are the roots of p (z). Without loss of

generality, assume that |7ro’l.| <

and |7r“.| <

Ty 7T, .| (i=1,...,5). In what follows, the observer polynomial

roots are restricted to satisfy the following constraints: a) the roots of p, (z) are real, nonnegative and stable,
z,; € [0,1), b) the roots of p, (z) are ordered and have a minimum distance between them being equal to

y €ll " i.e. it holds that

0,i+1

>y +r,,, ) regional stability is achieved i.e. it holds that 7, < |7z-.y,i| and d) the

H, norm of the resolvent matrix of the error dynamics is minimized. Regarding the last design goal,
minimization of the A, norm of the resolvent matrix of the error dynamics corresponds to minimization of

the RMS energy gain from the uncertainty in the initial estimation error to the error transient. Applying series
of computations upon the first polynomial in (8), in can be verified that the design requirement of pole
placement can be achieved by selecting the elements of the first column of L. Once the poles are fixed, the
elements of the second column of L can be used to satisfy the norm-based design requirement. The above
design requirements lead to a multicriteria optimization problem which is generally nonlinear and nonconvex.
For this reason, a numerical optimization approach is required. In the present paper, a metaheuristic approach
being analogous to that in [10]-[13].

It is important to mention, once more, that the above presented design procedure, produces observer
parameters corresponding to a given operating point. The next step is to determine the operating area of the
derived observer, namely the area where the observer behaves satisfactorily. To do so, the five-dimensional

5
spheroid approach, introduced in [8], is proposed. Defining the spheroid Z[(ﬁj —17,)/ LT_/T =R?, where ii ;
Jj=1

denotes the steady state value of u, (j=1,...,5) during a step wise transition, the operating area is

determined as the maximum radius of the spheroid such that all input transitions from the operating point to a
new steady state value inside the spheroid, result in steady state estimation error smaller than & where

ss,max ?

£ is a positive parameter selected by the observer designer. In the 5-dimensional space, if the intersection

§§,max
of two target operating areas, corresponding to different operating points, is not the null set, then transitions
from any point within a given target operating area to any point in the intersection can be carried out
accurately using the observer derived for that target operating area. Moreover, when moving from a point in
the first target operating area outside the intersection to a point in the second target operating area that is also
outside the intersection, an accurate transition can be realized in two stages. First, the system is driven into the
intersection while the observer associated with the first area remains active. Then, once the intersection is
reached, the observer is switched to the one corresponding to the second area. A switching mechanism being
analogous to that in [8] may be employed.

IV.SIMULATION RESULTS
To demonstrate the performance of the proposed switching observer scheme, let L, =62[m], L, =124[m],
L,=80[m], D,=0.1[m], D,=0.1[m], D,=006[m], & =0.35[mm] ( j=123), g=9.81[m/s’],
p=999.1[Kg/m’ | , x=0.0011[Pas] , k=0.1h"], b=1200[m/s] , 4 =0.11[-] and 2, =68[-] ,

=5[%]. Regarding the sampling period, it will be assumed that it is 7, =1[min] which is a valid

gss ,max
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assumption for typical primary water distribution networks. For demonstration purposes, assume that it is
desirable to move from an initial point, let u, = 20.0673[m] , Uy =16.9749[m] A =14.0886[m] ,

u, =360[I/min] and u; =2.0092[mg/lt] , to a final point, let wu, =30.3638[m] , u,=14.842[m] ,
u; =16.1169[m] , u, =0.0049[ m*/s ], u, =1.4955[mg/It]. To achieve this transition, consider the sets of
operating points:
i. L7=20[m] it,=17[m],u; =14[m], &, =360[Vmin], & =2[mg/].
ii. =24,7368[m],u, =16.0526[m], iz, =14.9474[m], iz, =331.5789[I/min], u; 1.7632[mg/1].
1il. L71 =30[m],u,=15[m],u,=16[m], &, =300[V/min],iz; =1.5[mg/1] .
Following the observer design procedure presented in the previous section using y =107, for the above

operating points the observer poles, the second column of L and the target operating radii are evaluated to be:
1. R=0.0368, 7,=0, 7,=0.0008, 7,=0.001, 7,=0.0908, 7,=0.0974, 7, =0.5459,

1,=[0.002 -0.0009 0.0235 0.008 0.0135 0.1817]

ii. R=0238, 7,=0.0001, 7,=0.0011, 7,=0.0015, 7,=0.0176, 7,=0.0999, ,=0.2386
1,=[0.0022 -0.0008 0.0077 0.0086 0.0073 0.1359]"

iii. R=02831, 7,=0.0001, 7,=0.00121, 7,=0.00127, 7, =0.0077, 7,=0.0757, 7, =0.1398
1,=[0.0023 —0.0009 0.0027 0.0046 0.0037 0.00971]"

Applying series of computations it can be verified that a) the initial point belongs in area 1 and not in areas 2
and 3, b) the final point belongs in area 3 and not in areas 1 and 2, c¢) the intersections of areas 1 and 2 as well
as the areas 2 and 3 are not null, and d) the intersection of areas 1 and 3 are null. According to the procedure
described in the previous section, transition from the initial to the final point will take place through two
intermediate points, one belonging in the intersection of areas 1 and 2, and one belonging in the intersection of

areas 2 and 3. Let these points be a) u, =20.4734[m], u, =16.9749[m], u, =14.0886[m], u, =354[V/min],
u; =1.9513[mg/lt] , and b) u, =26.2998[m] , u,=15.4709[m] , u, =15.4866[m] , u, =318[/min] ,
U = 1.6482[mg/lt]. Without loss of generality, it will be assumed that initially estimation and real values

coincide. Finally, to better capture the dynamic characteristics associated with variations in the flow-related
inputs, they will be modelled to change not as an ideal step, but via a smooth step-type transition with an
approximate rise time of 1.6 seconds. Comparing estimations vs real values of the non-measurable chlorine
concentrations, derived from the fully dynamic (not quasi-static) nonlinear model of the system (1), it can be
verified that the observer presents very high fidelity in reconstructing the nonlinear chlorine concentration.
For both sections of conduit 1 as well as the first section of conduit 3, the estimated points are essentially
superimposed on the nonlinear reference over the full simulation horizon. The only noticeable deviations

occur during the major downward transition around 7=9[min] to #=11[min] for the first section of conduit

2 where the estimate becomes slightly higher than the nonlinear value for about three samples, consistent with
a brief lag / conservative overestimation during rapid concentration decrease. The maximum estimation errors
for non-measurable chlorine concentrations are 0.0273%, 0.1666%, 1.0406% and 0.2593%. It is important to
mention that attempting a single step transition from the initial to the final point using the observer of the first
set of operating point, the resulting estimation error is significantly higher, being 1.1455%, 4.7482%,
15.2898% and 8.0988%. The transition from the initial to the final point takes place in 17 samples / minutes.

V. CONCLUSIONS

In this work, a discrete-time, model-based soft sensor was developed for estimating free chlorine
concentration in selected sections of a water distribution network. A benchmark network with a star-like
geometry was represented by a set of nonlinear ordinary differential equations, and the hydraulic subsystem
was subsequently approximated in a static form so that steady-state flows, consistent with boundary heads and
demand withdrawals, acting as driving signals for the chlorine transport—reaction dynamics. Around
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preselected operating points, a linear approximant was derived, and an exact discrete-time state-space
representation was obtained under zero-order-hold assumptions. Based on this formulation, a bank of full-
order Luenberger-type discrete-time observers was designed to provide the final soft-sensing scheme. The
observer gain was determined through a multicriteria design procedure that combined discrete-time pole-
placement constraints with a norm-based minimization objective, enabling convergence shaping while
reducing amplification of estimation transients. Simulation results on the benchmark network indicated high-
fidelity chlorine reconstruction, with any mismatches largely limited to brief intervals during operating
transitions. Future work will focus on improving robustness and extending applicability under practical
sources of uncertainty. In particular, the impact of demand variability, parameter uncertainty, and model
mismatch will be addressed through robust and/or stochastic tuning of the observer gains. The observer-bank
and switching strategy will also be refined to provide more systematic performance guarantees under noisy
measurements.
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