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Abstract— The Inverted Pendulum (IP) is a standard In this paper, a new swinging-up strategy is pregdsased
benchmark often used to test non-linear control strategies. The on the Brunovsky tracking trajectory method. It sigts in
swing-up control of the IP should bring-up the pendulum from  defining the initial and final states of the pendu| using a
itsdownward stable position to its unstable upright position. The specified function for the control angle, and Hees advantage

majority of researchers have focused on non-linear swing-up of {5 pajance the pendulum as fast as possible. When t
the 1P based on energy methods. This paper presents a novel pendulum reaches the upper vertical a linear Plbtrobis
non-linear swing-up control of the IP by the Brunovsky o . A

trajectory tracking method. In this method the trajectory of the then used to stabilise it at its unstable equilifori

control variable which is the pendulum angle is chosen first, and

using the dynamical non-linear model of the IP the control law is

then derived. Simulation results show a suitable swing-up of the Il. " THE MODEL OF THECART INVERTED PENDULUM

I P by the proposed method.

Keywords— Inverted Pendulum, Non-linear, Swing-up,

Brunovsky, Trajectory tracking.
|.  INTRODUCTION mg

Both cart inverted pendulum and the rotary inverted _F, G S
pendulum called Furuta pendulum have been widedyd us | o |
the literature as benchmarks for testing non-lineantrol —
strategies.
The inverted pendulum (IP) considered in the pajser Fig. 1 Cart Inverted Pendulum system

mounted on a cart, the rotational angle of the pkmd and

the horizontal cart position are both controlled dyforce The inverted pendulum shown in figl is mounted on a
applied to the cart. moving cart actuated via a control force F, th@ldisement of
The pendulum should be brought up from its downveaadhle the cart induces the rotation of the pendulum.

position to its unstable upright position; thistii® swing-up The system motion is described by the followingeténtial
control. A regulation strategy must then be empioye equations [4]:

stabilize the pendulum on its vertically upwardipos.

Since the IP is an underactuated, multivariablghllgi non-
linear and unstable system, it was commonly usedaas
benchmark to test linear and non linear controhtsties. )
While the swinging-up phase of the IP is non-linétr (| +m.|2)_g'+ m_g] .sin(@):—m.IXCos(Q) 2)
stabilization control could be linearised around trertically
upward position.

Different control strategies have been proposed the
literature for both swinging-up and stabilisatiamtrol of the
IP. The most interesting ones for the swing-up pha® the

energy based control strategies [1], [2], [3], Mkthods using - &, & and 0 are respectively the pendulum angle, velocity
the restriction of the cart track length [5], [6]{], and and acceleration.

intelligent control techniques [8], [9], [10]. Fothe - M and m are respectively the cart and penduluights.
stabilisation control, in general, classical lineaontrol - |is the pendulum length.

methods are applied after linearization of the iBdel around

its unstable equilibrium [10], [11], [12].

(M +m)%+bx+m.l.&cogl) -m.19%sin(O) =F (1)

Where:

- X, X and X are respectively the cart displacement, velocity
and acceleration.
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I1l. PROPOSEDSWING-UP STRATEGY BYBRUNOVSKY
TRAJECTORY TRACKING METHOD

mt?

o(t) =

The swing-up problem of the IP is to determine ¢batrol

(5)

{1

The expressions off and @ are then derived as follows:

law which could bring-up the pendulum from its ialit
equilibrium where # =0 to its upright vertical position
which corresponds td = 71.

The swing-up control law u(t) is derived from (1). 4T (T -t)°

6=
) . (2t*+T4-aTt+6T2? - 4T £°f @)
ut) =(M +m)X + bx+m.l.8cogh) -m.l8%sin(@) (3)
In the Brunovsky trajectory tracking method [13¢ tbontrol . AET.(T—tY (—10T.t4 +3T° —10T4 +10T%2 +4tS) 8
variap_le@ can be chosen gs given by (6), the initial anfil fin 6= (Zt“ T4 AT +6T70 _4_”3)3 ®)
conditions off and its derivatives are well known, agdis
a C* function given by equation (4). ‘= (I +m.l 2)_ G + m.gl.sin(6) ©

Replacing the pendulum angle?, velocity €, and m.l.cos(#)

accelerationd by their initial and final values as mentioned
. . . t

in table1, angi(t) by its expression (4) wherd is ? , the Substituting the angley and the acceleratio by their
expressions in equation (9) we obtain the exprassad the

expression of) is hence done by (5). . .
cart acceleratiorX and velocityX (10).

0.4

S — 4
o*+@1-0)! @

(o) =

TABLE |
IMPOSED INITIAL AND FINAL CONDITIONS

of 6 AND ITS DERIVATIVES

o) | ét) | @) | ()
IC |0 0 0 0
FC |11 0 0 0
B t A R S t . (t=-T)? L (t-T)® 4
00) = 1-A) || 6, +18,+ 0, + L 8 |+ @) | 6 +(-T)G + 5 b+ LB, (6)
4.(I+m.IZ)n.tZT.(T—t)z.(—lo.T.t4+3.T5—10.T4t+10.T3t2+4t5j 4
3 + m.g.l.sin a - 2
204414213t 6T7212- 4T 13 T4l (ot (10)
T4 T
)'(:J - dt
4
m.|lco m.t )
4 t
. .[4+(1_T) ]




Determination of X :

The expression ofX is to be found by integrating, swinging  — Non linear ::
since the expression & given in (10) is complicated and time Brunovsky | U | Dynamical
71 T Controller "| Model of the P> @
has a singularity af = — which corresponds to =—, Pendulum —» L é
2 2 parameters

Maple software is used in integration. Unfortunatie
numerical tool could not give an analytical expi@sgor

X, the solution to this problem is to sampfe Another
problem is encountered while integrating is thHétis

Fig. 2 Block Diagram of the open loop Brunovsky
Controller

o 7l . .
infinite at 0 = E so the software could not integrate it at

400

T . . .
t =— and for times later. Sinc¥ is symmetric as shown 300

in fig3, its integration in the interv{'zd-r 200

It was proven that to have an accurate swing-uthef
inverted pendulum, the simulation should be rurhveit
variable step, so the control law should be cowtirsu
When making a brief review of how the control silgun)
(3) was determined, we notice that all functionsnsan
equation (3) are continuous except¥d we used as a

solution to this problem the Matlab function ‘s@into
interpolate the samples .

} is deduced
100

x2p

from its calculus in the interv{b T

2
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Fig. 3
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IV. SIMULATION RESULTS 60

The proposed swing-up method explained above is
simulated in Matlab Simulink.
The simulation parameters of the pendulum model are
M= 0.5 kg, m=0.2kg, 1=0.3m, g=9.8 n%,sl=0.06 kg.m?
and k=0.1 kg.m2&
The control law u(t) calculated in the previoustgetis
shown in fig4. System outputs which are the peraulu

angled, velocityé’, the cart displacemert and velocity

X are shown in fig5.

To show the effectiveness of the swing-up method a
PID controller was added to the proposed contrdlter
order to stabilise the IP at its unstable position.

As seen in fig5 the pendulum swings-up from itdlta The pendulum reaches the upper vertical with a zero
download position where the angi®=0to its unstable Velocity which allows to stabilise the pendulumtat 71 .
upright position where = 71. The curve of the angular FOT @ better illustration of the pendulum anglgettory
position of the IP has an inflection point at apgnwately the curves off) cosines and sinuses are plotted in fig7,
half swinging time, which corresponds to t=1s andheir waveforms confirm that the pendulum swings-up
from§ =0to 0 =1.

Concerning the cart displacemeX)tand velocityX, we
notice from fig6 that the cart is freely movinghis only

to give the sufficient energy to swing-up the pdodu

An additive control could be made to control arabgise
the cart which is not in the scope of this paper.

-100

Fig. 4 Control law u with saturation

71 o 7
0=E, at this time the angular velocityy has a

maximum.



Pendulum angle

Fig. 5 Pendulum angl&) and velocity (9)
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Fig. 6 Cart displacement(x) and velocity
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Fig. 7 Cosinus and sinus @f

V. CONCLUSION

In this paper a novel swing-up control of the irtedr
pendulum IP is proposed, it is a non-linear opeaplo
control based on the Brunovsky trajectory tracking
method. This method allows determining the conlel
that swings-up the pendulum from its download stabl
position to its upright unstable position for a ejiv
swinging time. After defining the initial and final
conditions of the pendulum angle, and using some
Brunovsky function the control law is calculatedheT
swinging of the pendulum is done by a free displaaet
of the cart; a stabilisation control should thendoae for
both pendulum and cart. The control strategy pregas
this paper could be applied to other non-linearagyical
systems.
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