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Abstract—in this paper, a new-type multi-stage recursive least-squares identification is proposed for identifying the 

system model parameters and the noise model parameters of Box–Jenkins Systems. The key is to decompose the original 

system into four smaller systems and then interactively estimating the parameters of each of those smaller systems. The 

dimensions of the relevant covariance matrices in each subsystem are reduced when compared to the Conventional 

recursive least-squares identification algorithm for Box–Jenkins systems, which results in a high computational 

efficiency for the suggested algorithm. Simulation results are presented to illustrate the effectiveness of the proposed 

algorithm. 
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I. INTRODUCTION 

System identification is a methodology for building mathematical models of dynamic systems using measurements 

of the input and output signals of the system [1]. The process of system identification requires Measure the input 

and output signals from system in time or frequency domain. Such a methodology system identification was mainly 

developed for designing model-based control systems [2]. More generally, parameter estimation is at the heart of 

many signal processing applications aiming to extract information from signals, like radar, sonar, seismic, speech, 

communication, or biomedical (EEG, ECG, EMG) signals. Nowadays, dynamical models and identification 

methods play an important role in most of disciplines such as automatic control, signal processing, physics, 

economics, medicine, biology, ecology, seismology [3]. Recursive least squares (RLS) is an adaptive filter algorithm 

that recursively finds the coefficients that minimize a weighted linear least squares cost function relating to the input 

signals. This approach is in contrast to other algorithms such as the least mean squares (LMS) that aim to reduce the 

mean square error [4]. In the derivation of the RLS, the input signals are considered deterministic, while for the 

LMS and similar algorithms they are considered stochastic. Compared to most of its competitors, the RLS exhibits 

extremely fast convergence. However, this benefit comes at the cost of high computational complexity [5]. 

Recursive identification is a description of estimation algorithms where the parameter estimates are revised with 

each new measurement. Recursive identification is required when we want a new estimate of the parameter after 

each new measurement. Recursive identification relies on fast algorithms where the computational burden and 

required memory do not increase with time. It is well known that the least squares identification algorithm requires 

high computational burden because of the calculation of the large-dimensional covariance matrix and the 

identification algorithm has low estimation accuracy in parameters [6]. The Box-Jenkins Model is a mathematical 

model designed to forecast data ranges based on inputs from a specified time series. The Box-Jenkins Model can 

analyze several different types of time series data for forecasting purposes [7]. The decomposition approach is 

based on the reduction of the main identification problem to small sub problems, which are easy to solve. 

Filtered methods and multistage algorithms are some of the algorithms based on decomposition techniques 
[8]. The Box-Jenkins methodology comprises four steps Identification of process, Estimation of parameters, 

Verification, and, Forecasting. Model validation in the system specification process involves checking between 

measured data and required data. Model validation is usually defined to mean substantiation that a computerized 

model within its domain of applicability possesses a satisfactory range of accuracy consistent with the intended 

application of the model [9]. 

II. SYSTEM DESCIRPTION 

In this study, a multi-stage recursive least squares algorithm for Box–Jenkins systems is presented. 
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In the system model illustrated in Fig.1, where  ( ) represents the system input sequence ,  ( ) represents the 

system output sequence,  ( ) is a stochastic white noise with zero mean and variance σ2,  ( ),  ( ),  ( ) and 
( ) are polynomials [10] in the unit backward shift operator  −1[ .  .  −1 ( ) =   (  − 1)] with known orders 

  ,   ,    and   , the variables ( ) and  ( ) denote the output of the system model and the noise model 
respectively. 
 

 ( ) 
 
 
 
 
 
 
 

 
Fig. 1 The Box–Jenkins System 

 ( ) 
 ( ) = 

 ( ) 
 ( ) 

 ( ) 
 ( ) = 

 ( ) 
 ( ) 

( ) = [1 −  ( )] ( ) +  ( ) ( ) 

 
      

 ( ) = − ∑    (  −  ) + ∑    (  −  ) 

 =1  =1 

( ) = [1 −  ( )] ( ) +  ( ) ( ) 
 

      

 ( ) = − ∑    (  −  ) + ∑    (  −  ) +  ( ) 

 =1  =1 

The definitions of the parameter vectors Φ and   are given as 
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ϵ    =     +    +    +    

 1 = [ 1,  2, … ,     ]  

 2  = [ 1,  2, … ,     ]  

 3  = [ 1,  2, … ,     ]  

 4 = [ 1,  2, … ,     ]  
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Expressing the above equations in vector form, we get 

( ) =     1 +     2 (2) 
1 2 

 1 = [−(  − 1), … , − (  −   )] 

 2 = [(  − 1), … ,  (  −   )] 

( ) =    3 +       +  ( ) (3) 
3 4  4 

 3 = [−(  − 1), … , − (  −   )] 

 4 = [(  − 1), … ,  (  −   )] 

From (1), we have 

 ( ) =  ( ) +  ( ) 

( ) =     1 +     2 +     3 +     4 +  ( ) (4) 
1 2 3 4 

This equation is the identification model of the BJ systems in (1). 
 

⎡ 
 1 

⎤ 
( ) = [              ] ⎢ 

 2 ⎥ +  ( ) (5) 
1 2 3 4  3 ⎢ ⎥ 

[ 4 ] 

III. MULTI-STAGE RLS ALGORITHM 

To formulate an MS-RLS algorithm for parameter estimation, the multi-stage identification method, which is 

based on the decomposition technique, necessitates defining an intermediate variable. 
 

 

2 3 4 

 
1 3 4 

 
1 2 4 

 
1 2 3 

From (6) – (9), equation (4) can be decomposed into four sub-identification models, 

 ( ) =   ( )   +  ( ),   = 1,2,3,4. (10) 

These includes the parameters vectors  1,  2,  3 and  4 .Then, four criterion functions are defined as, 
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 ( )  ]2 ,   = 1,2,3,4. 
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Let the partial derivatives of  (  ),   = 1,2,3,4 with respect to    be zero 
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The RLS algorithm for computing   1( ),   2( ),   3( ) and   4( ) can be obtained as follows: 

 

  1( ) =   1 (  − 1) +  1( ) [  1( ) −     ( )   1 (  − 1)] (12) 

 1( ) =  1(  − 1)  1( )[ 1 +    ( ) 1(  1) 1( )]−1 (13) 

 1( ) = [   −  1( )   ( )] 1(  − 1) (14) 

  2 ( ) =   2(  − 1) +  2( ) [  2( ) −     ( )   2 (  − 1)] (15) 

 2( ) =  2(  − 1)  2( )[ 1 +    ( ) 2(  1) 2( )]−1 (16) 

 2( ) = [   −  2( )   ( )] 2(  − 1) (17) 

  3 ( ) =   3(  − 1) +  3( )[  3( ) −     ( )   3(  − 1)] (18) 

 3( ) =  3(  − 1)  3( )[ 1 +    ( ) 3(  − 1) 3( )]−1 (19) 

 3( ) = [   −  3( )   ( )] 3(  − 1) (20) 

  4 ( ) =   4(  − 1) +  4( ) [  4( ) −     ( )   4 (21) 

 4( ) =  4(  − 1)  4( ) [ 1 +    ( ) 4(  − 1) 4( )]−1 (22) 

 4( ) = [   −  4( )   ( )] 4(  − 1) (23) 

The following RLS algorithm is derived by substituting equations (6), (9) into (12), (15), (18), and (21) 

 
  1 ( ) =   1 (  − 1) +  1( )[  ( ) −    ( ) 2 −    ( ) 3 −     ( ) 4  −     ( )   1 (  − 1)] (24) 

2 3 4 1 

  2 ( ) =   2(  − 1) +  2( )[  ( ) −    ( ) 1 −     ( ) 3 −     ( ) 4 −     ( )   2 (  − 1)] (25) 
1 3 4 2 

  3 ( ) =   3(  − 1) +  3( )[ ( ) −    ( ) 1 −    ( ) 2 −    ( ) 4  −     ( )   3(  − 1)] (26) 
1 2 4 3 

  4 ( ) =   4(  − 1) +  4( )[  ( ) −    ( ) 1 −    ( ) 2 −     ( ) 3 −     ( )   4 (  − 1)] (27) 
1 2 3 4 

Equations (24)-(27) contain the vectors of unknown parameters  1,  2 ,  3,  4 and hence the vectors of unknown 

parameters  1,  2 ,  3,  4 must be replaced by their corresponding estimates    (  − 1). We have 

  1 ( ) =   1(  − 1) +  1( )[  ( ) −     ( )  2 (  − 1) −     ( )  3 (  − 1) −     ( )  4 (  − 1)   ( )   1 (  − 1)] (28) 
2 3 4 1 

  2 ( ) =   2(  − 1) +  2( )[  ( ) −     ( )  1 (  − 1) −     ( )  3 (  − 1) −     ( )  4 (  − 1)   ( )   2 (  − 1)] (29) 
1 3 4 2 

  3 ( ) =   3(  − 1) +  3( )[  ( ) −     ( )  1 (  − 1) −     ( )  2 (  − 1) −     ( )  4 (  − 1)   ( )   3 (  − 1)] (30) 
1 2 4 3 

  4 ( ) =   4(  − 1) +  4( )[  ( ) −     ( )  1 (  − 1) −     ( )  2 (  − 1) −     ( )  3 (  − 1)   ( )   4 (  − 1)] (31) 
1 2 3 4 

A challenge arises because the information vectors  1( ),  3( )     4( ) include the unknown inner variables 

(  –  ),  ( –  ), and the noise terms  (  –  ), making it impossible to estimate   1 ( ),   2 ( ),   3 ( ), 
and  4 ( ).The proposed method is based on the auxiliary model identification approach. Let   ( ),   ( ) and 

  ( )represent the estimates of  ( ),  ( ),      ( ), respectively, and define: 

Φ  = [  1,  2,   3 ,   4 ]  
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  1 ( ) = [−  (  − 1), … −   (  −   )]  ϵ     (32) 

 2 ( ) = [ (  − 1), … ,  (  −   )]  ϵ     (33) 

  3 ( ) = [−  (  − 1), … , −  (  −   )]     (34) 

  4 ( ) = [  (  − 1), … ,   (  −   )] ϵ     (35) 

Based on equations (2), (4), the estimates  ^( ),  ^( ),      ^( ) can be determined using the following 

equations: 
 

  ( ) =        1 +        2 (36) 
1 1 

  ( ) =  ( ) −   ( ) (39) 
 

  ( ) =   ( ) −        3 −         (40) 
3 4 4 

By substituting  1( ),  3( ) and  4( ) in (28)–(31) with their corresponding estimates   1 ,   3 , and   4 we 

can outline the multi-stage RLS identification algorithm for estimating the parameter vectors  1,  2 ,  3, and  4 
of the BJ models as follows [11]: 

  1 ( ) =   1 (  − 1) +  1( )[  ( ) −    ( )  2 (  − 1) −     ( )  3 (  − 1)−    ( )  4 (  − 1) −     ( )   1 (  − 1)]  (41) 
2 3 4 1 

 1( ) =  1(  − 1)   1 ( )[ 1 +     ( ) 1(  − 1)  1 ( )]−1 (42) 

 1( ) = [   −  1( )    ( )] 1(  − 1),  (0) =     (43) 

  2 ( ) =   2(  − 1) +  2( )[  ( ) −     ( )  1 (  − 1) −     ( )   3 (  − 1) −     ( )  4 (  − 1) −     ( )   2 (  − 1)](44) 
1 3 4 2 

 2( ) =  2(  − 1)   2 ( )[ 1 +    ( ) 2(  − 1) 2 ( )]−1 (45) 

 2( ) = [   −  2( )   ( )] 2(  − 1)   (0) =     (46) 

  1 ( ) = [−  (  − 1), … −   (  −   )]  ϵ     (48) 

 2 ( ) = [− (  − 1), … −  (  −   )]  ϵ     (49) 

  3 ( ) =   3(  − 1) +  3( ) [ ( ) −     ( )  1 (  − 1) −    ( )  2 (  − 1) −      ( )  4 (  − 1) −      ( )   3(  − 1)](50) 
1 2 4 3 

 3( ) =  3(  − 1)   3 ( )[ 1 +     ( ) 3(  − 1)   3 ( )]−1 (51) 

 3( ) = [   −  3( )    ( )] 3(  − 1) , (0) =     (52) 

  4 ( ) =   4(  − 1) +  4( ) [  ( ) −     ( )  1 (  − 1) −    ( )  2 (  − 1) −     ( )  3 (  − 1) −     ( )   4 (  − 1)](53) 
1 2 3 4 

 4( ) =  4(  − 1)   4 ( )[ 1 +     ( ) 4(  − 1)  4 ( )]−1 (54) 

 4( ) = [   −  4( )    ( )] 4(  − 1)  (0) =     (55) 

IV. MODELVALIDATION 

Ensuring the accuracy and reliability of a model's predictions, model validation is the last stage of the system 

identification process [12]. In this study, the statistical approach of prediction error mean (PEM) is utilized to 

validate the mathematical model [13]. 

                      (   ) = 
1 
∑    ( ) (56) 

 

 

Where: 

   : Prediction Error Mean 

 : Total number of data points 

N  =1 
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( ): Prediction error for the k-the data point 

V. SIMULATION RESULTS 

The suggested algorithm's effectiveness is demonstrated by considering the following Box-Jenkins system, 

second-order system with: 

0.215 −1 + 0.635 −2 1 − 0.19 −1 
( ) = 

1 + 0.141 −1 + 0.18 −2 
 ( ) + 

1 + 0.63 −1 
 ( ) 

The input is produced as a white sequence with   = 0 andσ2 = 1, while ( ) is produced as a Gaussian white 

noise with   = 0 and variance σ2 = 0.20. PEM has been used to assess the model's validation. PEM with time 

sequences is displayed in Fig. 2. As can be seen, PEM decrease with increasing sequence length, indicating that this 

approach is highly effective. 
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Fig. 2 Prediction Error Mean 

The estimated output of this algorithm and the actual output have been plotted together with their error (Residual) as 
displays in Fig. 3. 
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Fig. 3 The estimated output and the actual output with their error (Residual) 
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The figure shows that the model's efficiency is high because the estimated output closely follow the actual output 
and is quite near to zero. Appling the root mean square errors (RMSE) method with various noise variances, when ( 

 
2
  0.1

2
 ) and (  

2
  0.8

2
 ) in order to demonstrate the performance of the algorithm. The following formula is used 

to calculate RMSE. 

 
∑  ( ) 

2 

    −       = √  =1(    −    ) 

  
(57) 

Fig. 4 illustrates the plotted RMSE. 
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Fig. 4 The root mean square errors with different noise variance (0.1) and (0.8) 

The following result has been reached: generally speaking, system performance improves when noise variance 
decreases. 
 

 

VI. CONCLUSIONS 

The main contribution of this work to multi -stage recursive least squares algorithm for Box– Jenkins Systems has 

been derived. Decomposing the original system into four subsystems and then interactively estimating each 

subsystem's parameters is the goal. The analysis indicates that the proposed MS-RLS algorithm has high performance 

and requires less computational load. Prediction error mean has been applied for validation of this approach and the 

result indicates that the proposed algorithm is effective. The proposed algorithm can be extended to other linear or 

nonlinear systems. 

REFERENCES 

[1] Ljung, Lennart, and Torkel Glad. Modeling of Dynamic Systems. Prentice Hall Information and System Sciences 

Series. Englewood Cliffs, NJ: PTR Prentice Hall, 1994 

[2] H. Akaike. A new look at the statistical model identification. IEEE Tr. on Automatic Control, 19:716 – 723, 

1974. 2. K. J. Astro and Bohlin T. Numerical 

[3] Laboratoire I3S, University of Nice Sophia Antipolis, CNRS, Les Algorithmes- Bˆat. Euclide B, 2000 Route des 

lucioles, B.P. 121 - 06903 Sophia Antipolis Cedex, France 

[4] Feng Ding, Hong Duan '' Two-stage parameter estimation algorithms for Box–Jenkins systems IET Signal 

Processing 7(8):646-654 October 2013 

[5] Ljung, Lennart. System Identification: Theory for the User. Second edition. Prentice Hall Information and 

System Sciences Series. Upper Saddle River, NJ: PTR Prentice Hall, 1999. 

Root Mean Square Errors, Noise Variance=0.1 

Root Mean Square Errors, Noise Variance=0.8 

T
h

e
 R

o
o

t 
M

e
a
n

 S
q

u
a

re
 E

rr
o

r 

https://www.researchgate.net/journal/IET-Signal-Processing-1751-9683?_tp=eyJjb250ZXh0Ijp7InBhZ2UiOiJwdWJsaWNhdGlvbiIsInByZXZpb3VzUGFnZSI6bnVsbH19
https://www.researchgate.net/journal/IET-Signal-Processing-1751-9683?_tp=eyJjb250ZXh0Ijp7InBhZ2UiOiJwdWJsaWNhdGlvbiIsInByZXZpb3VzUGFnZSI6bnVsbH19


10th International Conference on Control Engineering &Information Technology (CEIT-2025) 

Proceedings Book Series –PBS- Vol 23, pp.44-52 

 

Copyright © 2025  

ISSN: 2961-6611 

 

[6] W. Saheri, N. Shashoa, and A. Abougarair, "Recursive Least Squares Algorithm for MISO CARAMA Systems 

Utilizing Data Filtering", 2021 IEEE 1st International Maghreb Meeting of the Conference on Sciences and 

Techniques of Automatic Control and Computer Engineering MI-STA, May 2021 

[7] H. Hu, X.Yongsong and R. Ding, “Multi-Innovation Stochastic Gradient Identification Algorithm for 

Hammerstein Controlled Autoregressive Autoregressive Systems Based on the Key Term Separation Principle 

and on the Model Decomposition,” Journal of Applied Mathematics, Vol. 2013, September 2013. 

[8] N. Shashoa, and A. J. Abougarair, "Fault Detection Based on Validated Model of Data Filtering Based Recursive 

Least Squares Algorithm For Box-Jenkins Systems", 2021 Global Congress on Electrical Engineering (GC- 

ElecEng), pp. 92-96. IEEE, 2021 

[9] Commandeur, J. J. F.; Koopman, S. J. (2007). Introduction to State Space Time Series Analysis. Oxford 

University Press. 

[10] M. Arwini and N. Shashoa,“ Extended Three-Stage Recursive Least Squares Identification Algorithm for 

multiple-input single-output CARARMA Systems,” 2021 IEEE International IOT, Electronics and 

Mechatronics Conference (IEMTRONICS). Toronto, Canada, 2021. 

[11] N. Shashoa., I.N. Jleta., A. A. Agll., A. S. Elmezughi, "Four-Stage Recursive Least Squares Algorithm for 

CARARMA Systems", IEEE, 4th International Congress on Human-Computer Interaction, Optimization and 

Robotic Applications, June 9-11, 2022, Ankara, Turkey. 

[12] Identification of linear dynamic systems for normal operating records. In Proc. 2 Nd IFAC Symp. On Theory 

of self-adaptive systems, pages 96– 111, Teddington, 1965. 

[13] F. Ding and T. Chen, “Parameter estimation of dual-rate stochastic systems by using an output error method,” 

IEEE Transactions on Automatic Control, vol. 50, no. 9, pp. 1436–1441,2005. 

https://en.wikipedia.org/wiki/Oxford_University_Press
https://en.wikipedia.org/wiki/Oxford_University_Press
https://ieeexplore.ieee.org/document/9422546/
https://ieeexplore.ieee.org/document/9422546/
https://ieeexplore.ieee.org/xpl/conhome/9422411/proceeding
https://ieeexplore.ieee.org/xpl/conhome/9422411/proceeding

