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Abstract—This paper concerns the identification problem for large-scale controlled autoregressive autoregressive
moving average (CARARMA) systems. Based on the decomposition technique, the M-decomposed recursive
generalized extended least squares algorithm is developed to identify the parameters of large-scale (CARARMA)
systems. The complication of the identification is that the noise information vector contains unknown variables. The
method used to address this challenge is substituting these variables with their respective estimates, and the M-
Decomposed RGELS algorithm is derived. The proposed algorithm has high computational efficiency compared to
the traditional RGELS Algorithm because the covariance matrix of the main system in the traditional RGELS
Algorithm is divided into M sub-covariance matrices. The proposed algorithm enhances the accuracy of parameter
estimation while reducing the computational load, Finally, The simulation results demonstrate that the proposed
algorithm has higher estimation accuracy under low noise variance, and model validation methods illustrates that
the (SMAPE) progressively decreases, when the time sequence increases, which indicating a high level of algorithm
performance.

Keywords— parameter estimation, RGELS method, model Validation, large-scale system, M-decomposed.

I. INTRODUCTION

System ldentification is a process in control engineering and signal processing where mathematical models
are developed to represent the behavior of a dynamic system. The dynamic system could be a physical system,
a biological system, an economic process, or any system that changes over time. It relies on collecting data from
the dynamic system. This data includes input signals (stimuli or control inputs) and output signals (responses or
measurements). Mathematical models are developed to describe the relationship between the input and output
of the dynamic system. These models could be in the form of differential equations, transfer functions, state-
space representations, or other mathematical formulations [1]. The procedure entails the estimation of the
parameters of a mathematical model based on the gathered input-output data. This can be accomplished through
a range of techniques, including least squares estimation, recursive estimation, or optimization algorithms. [2].
System identification is an important branch in the field of modern control and is an important method to
establish systematic mathematical models from the combination of observation data and prior knowledge, This
methodology has found extensive application across various fields for several decades, particularly in areas such
as controller design and system analysis. A key component of system identification is parameter identification,
which involves estimating parameters based on measurable data. The techniques for parameter estimation are
versatile and can be utilized in numerous applications [3]. The main idea of the coupling identification concept
is to decompose the original system into several subsystems and to estimate the parameters based on the coupled
parameter relationships between these subsystems. In the field of system modeling and control. For instance,
Yao and Ding derived a Two-stage least squares-based iterative identification algorithm for controlled
autoregressive autoregressive moving average (CARARMA) systems [4]. Munya and Nasar Aldian derive an
extended three-stage recursive identification algorithm of MISO for (CARARMA) systems [5]. The recursive
identification and iterative identification methods are basic. The recursive least squares methods are the
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commonly used parameter estimation approaches among many different parameter estimation techniques
Recently, the recursive least squares (RLS) algorithm is always combined with other methods to identify
complex systems. Parameter estimation plays an important role in control theory and application, because a
robust controller usually has the assumption that the parameters of the systems should be known prior There
exist lots of identification algorithms, e.g., the least squares (LS) algorithm [6]. The least square method is
widely used for parameter estimation of time domain data. The least squares (LS) approach has widespread
applications in many fields, such as statistics, numerical analysis, and engineering. In this method, the least
squares estimate of the coefficients is obtained by way of minimizing the sum of the squares of the error terms
where this sum is called the cost function, and error or residual itself is defined as the difference between the
desired output and the estimated output [7]. One of the disadvantages of offline techniques is that they cannot
take into account the feedback of the changes that the parameterization produces onto the parameterization itself
and cannot be used when the array does not have an inverse [8]. Recursive methods have widely been used in
signal filtering, modeling dynamic systems, and solving matrix equations. Unlike the Recursive estimation is a
method for estimating the parameters of a system model in real-time, where new data is constantly arriving.
This is in contrast to batch estimation methods, which estimate the parameters based on a fixed set of data. In
recursive estimation, the parameter estimates are updated as each new data point arrives. This allows for real-
time adaptive control, where the system parameters can be estimated and updated online, and without the need
to stop the system and collect a new batch of data. In adaptive controllers, the observations are obtained
sequentially in real-time. It is then desirable to make the computation of the least squares estimate recursively
to save the computation time. In recursive (also called on-line) identification methods, the parameter estimates
are computed recursively in time. Although the LS and RLS algorithms are capable of estimating system
parameters, they are constrained by their inability to estimate the parameter of the noise model and their poor
computing efficiency [9]. The Recursive Generalized Extended Least Squares (RGELS) algorithm is a powerful
tool for real-time, dynamic regression modeling in environments where the relationships between variables and
their associated errors change over time. Incorporating recursion and extended least squares, allows for efficient
and accurate updates to model parameters as new data arrives. This paper is structured as follows. In Section 2
introduces the system description and its identification model is given. In Section 3 M- decomposed RGELS
for 8th order system. In Section 4 presents model validation. In Section 5 simulation results. Finally, the
conclusions are given in section 6.

. SYSTEM DESCRIPTION

The discrete-time, linear, time-invariant system is considered as depicted in Fig. 1, explained by
(CARARMA), which is represented as [10]:
° D(z)
A(2)y(k) = ¥ B(z)u(k) + @V(k). €]
i=1
y(K) output sequences, u(k) input sequences, and v(n) is a stochastic white noise. A(z), B(z), C(z) and D(z)
are polynomials and represented as:

A(z)=1+aizt+az 2+ +a,z™m B(z) =b1z 14+ byz=2 + -« + bypz ™,
C@) =1+cizt+cz?+ -+ z™, D(z) =1+ diz7t + dpz72 + -+ dy 27,
v(k) > D(2)
A(2)C(2)
y(k)
u(k) » B@
A(2)
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Fig. 1. The system described SISO models
The parameter vectors 8 are defined as:

6=1[0T 0] ¢ =l[e"(m) ¢™(m)],
s n (n) s n 0 = [al daz ...ap, b1 by ---bnb] ,

(pST(k) =[-y(k—-1),-yk—-2),..—yk - na), u(k —1),u(k —2), ...uk — nb)],

This equation can be written as:
ys(k) = ¢l (K0,

ys(k) = — (ary(k — 1) + ay(k — 2) + --- + a,,y(k — n,)) + byju(k — 1) + bou(k — 2) + - + byu(k —

np), (@)
The noise identification model is:
w9 = 22 v(o), 3)
And therefore
w(k) = (1 - C(2))w(k) + D(2)v(Kk), 4)

Bn = [C1 2 Cnyy dp dy dpy]

@T(k) = [-wk—-1),—wk —-2),..—w(k—n ),v(k—1),vk — 2), ...v(k — nd)]T

And it can be written in a linear regression form as [11]:

w(k) = (pz(k)e + v(k), )
w(k) = —cyw(k — 1) — cow(k — 2) ... — ¢p , w(k — no) + dv(k — 1) + dpv(k — 2) + -+ + dp,v(k — ng) +
v(k), (6)
Finally, y(k) Totlal can be written as
y(k) = @Z(k)es + (an(k)e T v(k), (7)
y(k) = @T(k)0 + v(k), ®)

I11. M- DECOMPOSED RGELS FOR 8TH ORDER SYSTEM

In this section, M-decomposed has been develop based Recursive Generalized Extended Least Squares (M-
RGELS) algorithm which can fully use the new arrived data.

number of total parameters
m = o , ©)

number of total parameters = 16
M=4 number of Matrix
m=4 number of parameters

From Fig. 1. It can be described in a linear regression form as
y(k) = @I(k)el + (P;(k)ez + cpg(k)es + @Z(k)94 + w(k), (10)

01 = [ay, ..., am]" 02 = [amu—m+1) -+ @na) T,
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03 = [b]_, ""bm]Tl 04 = [b(rb —m+1)s +) bnb]Tn
@1(k) = [-y(k—=1),-y(k = 2),..,—y(k —m)]", @2(k) = [-y(k— (n; —m + 1)), ..., —y(k — n)]",
@3(k) = [u(k — 1),uk — 2), ... ,u(k —m)]7, @4(k) = [uk = (np —m + 1)), ... ,u(k —ny)]",

Suppose n.=2 and ng = 2
w(k) = —ciw(k — 1) — cow(k — 2) 4+ dyv(k — 1) + dav(k — 2) + v(K),
And it can be written in a linear regression form as
w(k) = @I(k)0s + v(k),
Where
@I (k) = [-wk —1),—w(k —2),v(k — 1),v(k — 2)]", 05 = [c1 c2,d1 d2]T,

Finally, y(k) can be written as [8] :

y(k) = @I(k)el + (P;(k)ez + et (pL(k)eM + cpTS(k)es + v(k),
a1
yi1=—-yk—-1),-yk—-2),..,—y(k—m).[ i],
dm
a(na—.m+1)
y2 = —y(k—(n, —m+1)),..,—y(k—ny).[ P
an,
by
y3 =u(k—1),ui(k—2), .. ,us(k—m).[ i ],
bp,
b(nb—m+1)
ya =uy(k — (np, —m+ 1)), v ur(k —np). [ : ];
bnb
yik) = y(&) — @T(k)02 — - — "  (K)Omy1,
2 M+1
y2(k) = y(k) — @T(k)61 — @T(K)B3 — - — @7 (K)Om+1,
1 3 M+1
y3(k) = y(k) — @T(k)01 — @T(k)8; — @T(k)0s — - — @7 (K)Opm+1,
1 2 4 M+1

ya(k) = y(k) — @T(k)01 — @T(k)62 — @T(k)03 — @™  (K)Owm1,
1 2 3 M+1
ys(k) = y(k) — cpf(k)(% - cp;(k)ez - qﬂ;(k)ee, - <pT4(k)94,
From (14) — (18), equation (13) can be decomposed into five M- Decomposed identification models,
yi(k) = T(K)0; + v(k), 1=1.234,5
These includes the parameters vectors 64, 8,, 63, 64 and 65 Then, five criterion functions are defined as,

Ji(8): = X 4lyi G) — @1(8)]%,  i=12345,
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Let the partial derivation of J; (6,),1 = 1,2,3,4,5 with respect to 6; be zero

s [8:)

= |Hi=élm = —2¢i() T yii) — @F MBI)] =0, i = 12345,

Let B(k) = [61(k) 8,(k) 83(k) 64(k) B5(k)]T € R be the estimate of 6 = [0, 8, 83 6, 65 ]T € R»

(20}

Minimizing the criterion functions and as a result, RGELS algorithm can be obtained for computing 6;(k):

6 = Bi(k — 1) + Li0[yi(k) — T8k — 1], @n
Li(k) = pi(k = Dei(K)[1 + @R)Pi(k — D; k)],
pi(k) = [ - L) (K)]pik — 1), Pi(0) =pol, 1 =1,2,3,45,

The equations from (14)-(18) are substituted into equation (21) with 7 = 1,2,3,4,5, obtains
01(k) = 81(k — 1) + L[y (k) — @7 ()02 — ¢7(k)8; — @1(k)8s — (k)05 — @Tl(k)édk - 1], (22)
02(k) = B2(k — 1) + Lo(k) [y(k) — @101 — ¢7(k)8; — (k)04 — @7 (K)Os — cPTz(k)éz(k - 1] (23)
03(k) = B3(k — 1) + La(K) [y (k) — @101 — @7 (k)6 — @(K)8s — ¢7(k)05 — @Tg(k)éa(k - 1] 24
04(K) = B4(k — 1) + Ls(K) [y(k) — ¢1(K)01 — ¢7(k)6; — ¢*(Kk)B3 — 7(k)05 — ‘-PTA}(k)éAL(k - 1], (25)
05(k) = B5(k — 1) + Ls (k) [y(k) — @101 — @ (k)6 — @1(k)8s — @T(k)B4(k) — @Ts(k)és(k -] (@26
Equations (22) — (26) include the unknown parameter 6; i = 1,2,3,4,5. The Replacement of the unknown 6;

in (22)—(26) with their estimates 6;(k — 1) is the solution:

61(k) = 61(k — 1) + Ly (k) [y(K) - (P;(k)ez(k -1 - (PT(k)93(k -1 - (PT(k)94(k -D-
(PT(k)es(k -1 - @T(k)91(k - 1]

=01k — 1) + Li(1) [y(l) — @™k — 1],

82(K) = 62(k — 1) + La(k) [y(k) — @T(k)el(k -1 - (PTB(k)é3(k -1 - <PT4(k)é4(k -1 -
(PT(k)Gs(k -1 - @T(k)ez(k - 1)]

= 02(k — 1) + L (K [y() — ¢T(8(k — 1)],

03(k) = 63(k — 1) + Ls(k) [y(k) — @I(k)el(k -1 - @T(k)ez(k -1 - @T(k)94(k -D-
(PT(k)Gs(k -1 - @T(k)93(k - 1]

=03k — 1) + L3 () [y(K) — ¢T(0(k — 1],

04(K) = B4(k — 1) + Ly (k) [y(K) — (PI(k)el(k -1 - CPT(k)Gz(k -1 - CPT(k)Gs(k -1 -
<PT(k)95(k -1 - cpT(k)e L= D]

= 04(k — 1) + Ls(®) [y(®) — ¢T(00(k — 1],
05(1) = Bs(k — 1) + Ls (k) [y(k) — (PI(k)el(k -1 - CPT(k)Gz(k -1 - CPT(k)Gs(k -1 -
(PT(k)G JLk-1 - <PT(k)9 L= 1]

= 05(k — 1) + Ls () [y(K) — T (k — 1],
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@s(k) includes the unknown noise terms w(k — #)and v(k — 1), and thus these estimated parameters cannot
be generated based on the above algorithms in (22)—(26). The solution is to Replacing w(k — ) and v(k — )with

their estimates w(k — f)and ¥(k — ), and obtain

[
()
®s(k) = [-W(k — 1), —W(k — 2),9(k — 1), ¥(k — 2)]T, k) = |<P3| € R,
Py
[¢s]
Now, equation (10) can be written as,
w(k) = y(k) — @f(k)91 - cpg(k)ez—cpg(k)eg - <PT4(1<)94, v(k) = w(k) — @Ts(k)es.
The estimated w(k) and v(k) can be computed by
w(k) =y(k) — CPIT(k)él - (P;(k)éz - <PT3(k)és - <PT4(k)é4, , (k) = W(k) — ds(k)bs,

Thus, M-Decomposed Recursive Generalized Extended parameter estimation algorithm for computing the

estimated parameters and of CARARMA model is obtained as
0:(k) = 6:(k — 1) + Li(®) [y (k) — $T(K)B(k — 1)],

Li(k) = p1(k — D1(K)[1 + ¢@(K)P1(k — De1(K)] Y,
Pi(k) =[I- Ll(k)<PT1(k)]P1(k —1),p1(0) = Pl ,

a

p1(k) = [-y(k = 1), =y(k = 2), ..., —y(k =m)]" € R,
G2(k) = 62(k — 1) + Lo(K)[y(k) — ¢"(k)8(k — 1)],

Ly(k) = p2(k — D2(K)[1 + @i (k)P2(k — D2 (k)] 1,
Py(k) =[1- Lz(k)fﬂg(k)]Pz(k —1),p2(0) = Pol,, ,

a

@2(k) =—yn—(ng—m+ 1)), ... ,—y(n—ny)]" € R
03(k) = 63(k — 1) + L3(k)[y(k) — ¢"(k)8(k — 1)],

L3(k) = p3(k — D3 (k)[1 + @5(k)P3(k — Des(k)],
P3(k) = [I - L3(k)<PT3(k)]P3(k —1),p3(0) = Pol,, ,

b

@3(n) = [u1(n — 1), u1(n — 2), ... ,us(n —m)]” € R,
84(k) = 64(k — 1) + L) [y (k) — ¢7(k)F(k — 1)],
La(k) = palk — Da()[1 + @l(k)P4(k — Dea(k)],
Py(k) = [I - L4(k)<PZ(k)]P4(k —1,p4(0) = POInb:
@s(n) = [ui(n — (np —m + 1)), ... ,u;(n — np)]” € R,
s(k) = 0s(k — 1) + Ls(k) [y (k) — ¢"(k)6(k — 1)],

Ls(k) = ps(k — D@s(k)[1 + ¢Ek)Ps(k — 1)@s(k)],
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Ps(k) = [I — Ls(k)@s(k)]Ps(k — 1),ps(0) = Pol,,, J (45)
w(k) = y(k) — <P1T(k)6'1 - w;(k)b"z - <PT3(k)6'3 - §0T4(k)é4,

(46)

(k) = w(k) — $EK)Bs, 47)

—w(k—-1),-wk-2)T

bs( = [ ok—1),0k—2) 1 %)

ok) = [c”PlT(k). @;(k). ¢§(k), <i9T4(k). ciJTs(k)]T € R, 49)

B(k) = [BT(k), 820k, BT (), 8T (1), BT ()] € m7, (50)

IV. MODEL VALIDATION

Model validation is a crucial aspect of simulation model development. In this section, the effectiveness of the
proposed algorithm will be proved using Symmetric Mean Absolute Percentage Error (SMAPE) is selected.
Generally, SMAPE is commonly used to validate the model by comparing the predicted values to the actual
values [12].

It is defined as

SMAPE="'¥5  lym—ym)|

7 (51)
s =1 (ym+9m /2

where n represents the time step, y(n) represents the target output, §(n) represents the predicted output, and
S represents the number of samples. SMAPE can minimize the impact of data size and units, allowing it to
reflect the relative magnitude of errors effectively. A higher SMAPE value indicates a greater discrepancy
between target and predicted values, signifying poorer predictive performance.

V. SIMULATION RESULTS

The effectiveness of the suggested algorithm is demonstrated by considering the following eight-order
system:
(z) =1+ 0192271 + 0.15272 + 0.032z3 + 0.20 z4 + 0.12z75 + 0.021z6 + 0.10z7 + 0.14z-8

(z) = 0.008z71 + 0.13z72 4+ 0.14z3 4+ 0.03 z~* + 0.16275 + 0.922°6 + 0.4z°7 + 04328

(2) =1+ 0.09z-1 + 0.57z-2 D(z) =1+ 0.162-1 + 0.27z-2
6, = [0.192,0.15,0.032,0.20]", 6, = [0.12,0.021,0.10,0.14]", 05 = [0.008,0.13,0.14,0.03]",
6, = [0.16,0.92,0.4,0.43]", 65 = [0.09,0.57,0.16,0.27]7,

u(k) is taken as a white sequence with a Gaussian distribution of m = 0 and * =1* v(k) is produced a
Gaussian white noise with m = 0 and o =0.1°. In order to assess this algorithm's effectiveness, the algorithm's
predicted output is plotted together with its actual output and the residual as demonstrated in Fig. 2
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10 [ [ [ I T
—Actual Output
—Predicted Output
5 —Residual

-10 [ [ [ I [
0 500 1000 1500 2000 2500 3000
Time Sequences

Fig. 2. Residual of SISO system using RGELS algorithm.

This figure shows that the predicted output of this suggested algorithm is very close to the actual output and the
residual is very close to zero which means, the effectiveness of this algorithm is high.

For further explanation, the window between n = 850 and n = 900 has been used as provided in Fig. 3

[ [ [ [

4+ —Actdal Output
—Predicted Output
—Residual

1

=4 [ [ L L B
850 860 870 880 890 900
Time Sequences
Fig. 3. Residual of SISO system using RGELS algorithm between n =850 and n = 900.

This figure indicates Data from n =850 to n =900 has been taken to show the accuracy of the identified
algorithm. The figure shows the predicted outputs follow the actual outputs. which concludes that the estimated
model fits the actual data.

The estimation error is calculated using the formula below, and is demonstrated in Fig. 4 [10]:

2 2 2 2
81=01]| +162—-02| +||83—03]| +||64—6
s = \/Ll 1]l +]162=62]| +]|63=63]| +]|64—64] (52)

l181112-+1162112+1103]12+116411
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1.5 ]

Estimation Error

0.5

0 i i [ i I
0 500 1000 1500 2000 2500 3000
Time Sequences

Fig. 4. The parameter estimation error of the RGELS algorithm.

The figure illustrates that the estimation errors decrease with the number of sequences increases. This
demonstrates the efficacy of the suggested algorithm. Fig. 5 shows the validation of this technique utilized
(SMAPE):

x 10™
8 [ | T T T

==Symmetric Mean Absolute Percentage Error

0 [ [ I i i
0 500 1000 1500 2000 2500 3000
Time Sequences

Fig. 5. Symmetric Mean Absolute Percentage Error (SMAPE) of RGELS algorithm versus the sequences.

From the figure, (SMAPE) gets smaller and smaller as the duration of the sequence increases. This suggests
that the algorithm's performance is high.

Applying this algorithm with the different noise variance, when (6 ° =0.1*) and (o = 0.6*) to estimate the
parameters of this system and based on this result, the parameter estimation errors have been computed and
plotted as demonstrated in fig. 6. In addition to, the residuals have been plotted too as shown in Fig. 7.
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20 T T T T T
— Noise Variance=0.1
— Noise Variance=0.6
—_ 15 .
o
L0
C
910 =
©
=
17
w 5 i
Ob‘ 1 i ’ i i
0 500 1000 1500 2000 2500 3000

Time Sequences
Fig. 6. RGELS algorithm with different noise (0.1) and (0.6) versus the sequences.
From this figure, the parameter estimation errors with noise variance (( ¢ =0.1%) is lower than the parameter

estimation errors with noise variance (( o2 =0.6°). Thus, the following conclusion has been drawn, in general,
the parameter accuracies increase under decreasing noise variance.

600 l n — - ) i
— Residual when Noise Variance=0.1
— Residual when Noise Variance=0.6
400¢ .
200} .

0 e s
_200J, .
-400 I L L [ L

0 500 1000 1500 2000 2500 3000

Fig. 7. Show that the noise variance ((¢2 = 0.12) is lower than the parameter estimation errors with noise variance ((¢2 = 0. 62).

The window between n = 1000 and n = 1100 has been utilized for additional explanation, as seen in Fig. 8.
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301 — Residual When Noise \‘/ariance:O.l"
— Residual when Noise Variance=0.6

20

10~ 8

0
-10+- 4
-20- 4
1000 1020 1040 1060 1080 1100

Fig. 8. Show the Residual when the noise variance (0. 12) and (0. 62) between n = 1000 and n = 1100.

The figure illustrates that the residual signal intensity increases with the noise variance increasing. Thus, it
becomes more challenging for the proposed algorithm to accurately estimate the actual output.

VI.CONCLUSIONS

In this paper, the M-decomposed recursive generalized extended least squares algorithm has been derived for
large-scale controlled autoregressive autoregressive moving average (CARARMA) systems. By using the M-
Decomposed technique, the main system has been divided into M-subsystems and the dimension of the
information vector considerably decreases. The main contribution of the proposed identification method has a
high computation efficiency for large-scale systems compared with conventional recursive generalized extended
least squares algorithm. The simulation results indicate that the proposed algorithm achieves higher estimation
accuracies under lower noise variance, and the effectiveness of the proposed method can be improved by
increasing the time sequences. The methods used in this paper can be extended to study the identification of
other linear systems, nonlinear systems, multiple-input single-output systems, or multiple-input multiple-output
systems.
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