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Abstract—This study focuses on synchronization of kinemati- 
cally redundant robot manipulators in task space under the ef- 
fects of parametric uncertainty and time-varying communication 
delay.Weconsiderasjointand/orend-effectorvelocitiesarenot 
measurable and to overcome this problem we propose a linear- 
filter, which has a model-free structure. It is assumed that the 
position error and linear-filter output signals are shared over a 
directed communication topology under theeffect of time-varying 
communicationdelaytoguaranteetheend-effectorsynchroniza- 
tionbetweenrobotmanipulators.Controlobjectivesareachieved by 
proposed output-feedback (OFB) robust controller and with the 
help of a combination of Lyapunov and Krasovskii stability 
analysis,wereachtoauniformlyultimatelyboundedresult for both 
tracking and synchronization error signals. Finally, we 
presentthesimulationresultsonasystemwith3three-linkplanar 
robot manipulators to validate the feasibility of the suggested 
controller mechanism forsynchronization. 

 
I. Introduction 

Design of general control structures for the use of robot 
manipulators in industrial applications has been an active and 
challenging research area in control engineering for many 
years. In parallel to the recent technological developmentsand 
appearance of new technologies, the size and scope of 
industrial applications arealsodrastically changing. Giventhe 
requirements in this area, it is clear that a single robot 
manipulator will not suffice for the required tasks such as 
assembly, welding, painting or transportation.For this reason, 
itisnecessarytoprovidecoordinationofmultiplerobotmanip- 
ulators with the use of communication structures so that they 
can performa pre-plannedtask in a collaborativemanner.The 
coordinated control structure to be designed must ensure that 
the end-effectors of the robot manipulators in operation are 
synchronized before reaching to a desired trajectory and track 
thetrajectorysimultaneously.Besides,manipulatortrajectories 
for specific tasks to be performedare usually designed in task 
space by using the position that the end-effectors of the robot 
manipulators are to be located. 

Also, redundancy in the manipulator structure, i.e. the 
structure that the dimension of link position variables n is 
greater than the dimension of operation space m, has an 
important role on dexterity [1]. 

In literature, most of the recommended control structures 
needvelocitymeasurementsof joints and/orend-effectors,be- 
side their positions. The velocitysensors used forthis purpose 
are generally expensive and give noisy measurements, that 
may affect the system, negatively. Another subject that needs 
to be discussed aboutsynchronizationis the time delay caused 
by communication during the information sharing between 
robot manipulators. There are several proposed controllers 
assuming that there exist constant and bounded time delays,in 
literature. Considering a real communication system, it can 
not be expected that the time delay in the whole system hasthe 
same value during the operation or the time delay value 
between each agent is the same [2]. 

In[3],theleader-followersynchronization wasprovided 
bythevelocitysignalobtainedfromanvirtualagentwith the 
assumption of exact model knowledge. In [4] and [5], global 
asymptotic synchronization was guaranteed by usingan 
adaptive control structure. Also, in [5], time-varying com- 
munication delay and redundancy were taken into consider- 
ation.Undertheassumptionofmeasurablejointvelocities in [6] 
and [7] adaptive based controllers were suggested for directed 
communication topology with constant time-delay. Recently, 
Phukan and Mahanta suggested in [8], a full-state feedback 
sliding mode controller for the synchronization of non-
redundant robot manipulators. 

In this work, we purposea comprehensivesolution forOFB 
synchronization of robot manipulators in task space. For the 
replacementofvelocityerror,inspiredby[9],alinear-filter is 
designed. With thehelp of thesurrogate signal generatedby 
linear-filter, trajectory tracking problem of each agent is 
solved without measuring joint and/or end-effector velocities. 
Toovercometheparametricuncertaintyofdynamicmodel,we 
suggested a robust controller. It is assumed that the position 
error and linear-filter output signals are shared over a directed 
communicationtopologyundertheeffectoftime-varyingcom- 
munication delay to guarantee the synchronization between 
robot manipulators. Also, redundancy problem is taken into 
consideration. Performing a combination of Lyapunov and 
Krasovskii stability analysis, we reach to a uniformly ulti- 
matelyboundedresultforbothtrackingandsynchronization 
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error signals. Finally, we present the simulation results on a 
system with 3 three-link planar robot manipulators to validate 
thefeasibilityofthesuggestedrobustOFBcontrolstructure 
forsynchronization. 

Givenvectorfunctiong(.)  ∈ Rnisthesub-taskfunction, that is 
chosen according to pre-defined sub-task, e.g. joint 
limitation,manipulability,obstacleavoidance,etc.Ifwedefine 
sub-taskerroraseN=(In− J+(qi)Ji(qi))(gi− q˙i)itiseasy 

 
II. NotationsandMathematicalPrelimineries toshowthate +

i 

N=(In− Ji(qi)Ji(qi))ηiwhich meanswe 

TheEuler-Lagrangebasedformulationofdynamicmodel forn-
link,revolute, directdriverobotmanipulatorisgivenby 

canregulateeNaslongaswecanregulateηi.Forfurther 
informationthereaderisreferredto[12],[13].Fromthispoint, for 
ease of presentation we will use the notation 

thefollowingform[10] z=J+(q)(r +e+ẋ )+(I − J+(q)J(q))g. 
i 

M(q)q¨+C(q,q˙)q˙+Fdq˙+G(q)=τ (1) 
i i fi i di n i i i i i 

(8) 

Duetopagelimitation,readersarereferredtosee: 

•  [10], [11] for the properties of given model and signals 
in (1), 

•  [12],[13]forthepropertiesofJacobianmatrixJ(q), 
pseudo-inverse Jacobian matrix J+(q) and their relation 
with task-space. 

III. OutputFeedbackTask-SpaceSynchronization 

Alsowecandefinethetimederivativeofpositionerroras 
e˙i=Ji(qi)ηi− rfi− eiandthejointvelocityasq˙i=zi− ηi. 

C.ErrorSystemDevelopment 

Toobtainthedynamicformulationforerrorsystem,wetake the 
time derivative of (7), multiply both sides with Mi(qi), 
substitute (6), e˙iand use q¨ifrom E-L model given in (1), we 
yield to the open loop dynamics as 

Miη˙i=Ci(qi,q˙i)q˙i+Fdiq˙i+Gi(qi)− τi+Wi(qi)q˙i 
A.ProblemDefinition + 

In this study we focused on the end-effector position 
synchronizationofmultiplerobotmanipulators,whileeach of 
them follows the given desired trajectory. To ensure the 
tracking goal for each robot manipulator in the system 
withthedynamicalmodelgivenin(1),thepositiontrackingerror 

+Mi(qi)Ji(qi) 
 

 
withWi(qi)∈Rnxn 

˙+
 

− (α+1)rfi− k1iJi(qi)ηi 

+(k2i− 1)ei− efi+ẍ d i

 
(9) 

ei(t)∈Rm(i S∈ ,{1,..,N})isdefinedas Wi(qi)q˙i=Mi(qi) Ji(qi)(rfi+ei+ẋdi) 
+(− J˙+(qi)Ji(qi)− J+(qi)J˙i(qi))gi ei=xdi−xi (2) i i 

 
wherex(t)∈Rmstandsforactualpositionandx(t)∈Rm +(In− J+(qi)Ji(qi))g˙i. (10) 

symbolizes thedesired trajectory given totherobot manipu- 
lators. 

B.Linear-filterDesign 

Since we assumed that joint and/or end-effector velocities 
are notmeasurable,basedon thesubsequentstability analysis, we 
design a linear-filter rfi∈Rmas 

rfi= pi− (k1i+ 1)ei (3) 

wherepi(t)∈Rnisanauxiliaryvariablewiththedynamic 

Byusingthedefinitiongivenforq˙iandPropertyCi(qi,ςi)ν= 
Ci(qi,ν)ςi, wereformulatetheopen-looperrordynamicsas 

Mi(qi)η˙i=− Mi(qi)J+(qi)k1iJi(qi)ηi− Ci(qi,q˙i)ηi 

− Fdiηi− Wi(qi)ηi− Ci(qi,ηi)zi− τi+Yiθi 
(11) 

whereYiθi∈Rnisalinearparameterizationof 

Yiθi=Ci(qi,zi)zi+Fdizi+Gi(qi)+Wi(qi)zi 
 

p i̇=−(k1i+1+α)pi+((k1i+1)2+α(k1i+1)−(k1i+1)+k2i)ei−efi. 
(4) 

 
Inthe given equation, k1i,k2i∈Rnxn, α ∈R1are positive 

constant gains and α is same for all agents. efi(t) is an 
auxiliary variable with the following dynamics 

e˙fi= − k3iefi+ rfi (5) 

withapositiveconstantgaink3i∈Rnxn.Dynamicsof(3) 

 
+(k2i− 1)ei− efi+ẍ d i .(12) 

denotingYi(xdi,ẋdi ,ẍ d i , xi,qi,ei,efi,rfi,gi)  ∈ Rnxrthe 
regressionmatrixandθi∈Rrsystemparameters,e.g.mass, 
intertia,frictioncoefficients.Based onthesubsequentstability 
analysis, we design the controller as follows 

τi=Yiθˆi+JT(qi)− γi(k1i+1)rfi+γik2iei 

+ΓǁYǁ2(r +e)+
Σ

δτ 
 

(13) 
 

 

r˙fi=− αrfi− (k1i+1)Ji(qi)ηi+k2iei− efi (6) 

whereηi(t)∈Rnisanauxiliarysignalasfollows 

ηi=J+(qi)(rfi+ei+ ẋdi)+(In− J+(qi)Ji(qi))gi− q˙i.(7) 

withsynchronizationpartτsyn 

τsyn=k4ij(ei(t)− ej(t− Tij(t))) 
− (k1i+1)k5ij(rfi(t)− rfj(t− Tij(t))) (14

i +Mi(qi)J+(qi) − (α+1)rfi 
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In (13), θˆistands for the constant estimated values of system 
parameters. First three terms in pharantesis are for tracking 
problemofeachrobotmanipulator,withthenonlineardamp- 

TABLEI:RobotParametersandControllerGains 

ingtermǁYǁ2(r +e).δ givenin(13),symbolizesthe 
i fi i ij 

communicationamongagentsinthesystem,i.e.δij=1 if agent 
ireceives information from agent j, otherwise δij= 
0,and£iisasubsetof£containingallagentsthatsendinforma- tion to 
agent i. Terms in τsynensure the position synchroniza- tion as 
well as the velocity synchronization between agents, 
respectively.Thesignalsej(t −Tij(t))andrfj(t−Tij(t)) 
represent time-varying delayed position error signals and sur- 
rogate velocity error signals transferred over communication 
links.BasedonthesubsequentLyapunov-Krasovskii[14] 
stabilityanalysis,thetime-varyingdelayTij(t)isacontin- 
uouslydifferentiablefunctionandT˙ij(t)=dij<1 .Given 
Γi,γi,k2i,k4ij,k5ij∈Rmxmarethepositiveanddiagonal 
controlgainmatrices. 

By substitutingthe controllaw (13)into (11), we obtain the 
closed loop dynamics for ηi(t) as 

Mi(qi)η˙i=−Mi(qi)J+(qi)k1iJi(qi)ηi−Ci(qi,q˙i)ηi 

− Fdiηi−Wi(qi)ηi−Ci(qi,ηi)zi+Yiθ˜i 

−JT(qi)−γi(k1i+1)rfi+γik2iei 

+ΓiǁYiǁ2(rfi+ei)+ δijτsyn (15) 
j∈ i 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig.1:CommunicationTopology. 
 

 
bounded,aslongasthepositivegainssatisfyfollowingconditions 

D.StabilityAnalysis 

Theorem1:Consideringasystem,thatconsistsofNrobot 

α =
 k6ijλm
in{k5ij} 

λ2ax{k1j+1}(1−dij) 
+ 

4λmin{k5ij} λ2 {k2i} λ2 {k2j}(1−dij) 
manipulatorswiththedynamicstructurein(1),thefilter +max +max  

structureof(3),(4),(5)andtheOFBrobustcontrollergiven λmin{k5ij} 4λmin{k5ij}d2
 

by (13), guarantee uniform ultimate boundedness of tracking 
and synchronization errors in the sense that 

λ2
ax{k5ij}(1−dij) 

+ 
4λmin{k5ij} 

ǁy(t)ǁ≤
q

λmaxǁy(0)ǁ2exp(−Kt)+λmax
 

 

 
ǁθ˜ǁ2(1− exp(− Kt)) λ 

 
{k}>ζ ǁz(0)ǁ+Γ(ǁYǁ2+ǁYǁ4)+

Σ 
δϑ 

 
where 

λmin 4ΓKλmin min 1i C2i i 

k7i 

i i i 

λ2 {k4ij} Γi 

i∈Sl li1li 

 
y(t)=η(t)T r 

 
(t)T e 

 
(t)T e(t)T e 

 

(t)T
T

 

γi= 
 

  

+max + 
α 4α 4α 

 

    

and γi 4γi 4γi γi 
1− d (1−d) 

4γi 
1 

δ(e(t)− e(t− T(t)))T λmin{k4ij}>1 + ij+ ij+ 

 
with 

δij(rfi(t)− rfj(t− Tij(t)))T ij 

k >1 +
 1 

, k >
Σ

δϑd2 

λ1i=
1

min 2 

n
m1i,λmin{γi},λmin{k2i}, 

4(1− dij) li 
i∈Sl 

 

λmin{k4ij },λmin{k5ij}
,
 k8i>

Σ
δliInxn, k9i>

Σ
δliϑ2lid2

 

 
λ2i= 

1
max

n
 m2i,λmax{γi},λmax{k2i}, 

i∈Sl i∈Sl 

where ϑ1ij = j2(λ2 {k4ij}+λ2 
 
{k5ij}), 

2 
λ {k },λ {k }

,
. ϑ2ij=λ2 

2j 

{k4ij}+λ2 
max 

{k5ij},ϑ3ij=λ2 

max 

{k4ij}+ 

 
In(16),m1iandm2isymbolizethelowerandupperbounds 
ofǁMi(qi)ǁ,respectively.Allclosed-loopsignalsremain 

αλmax{k5ij}withtheupperboundofǁJj(qj)ǁ≥j2jand 
thesubindicelstandsforotheragentsinthesystem,that 
receiveinformationfromagenti. 

} {k λ2 
} 5ij λ2 

k 
fi fi syn 

{k k2i= 

esyn(t)= 4(1− dij) 

4ij max (16) 

Parameters&Gains Robot1 Robot2 Robot3 
p1 0.4752[kg.m2] 0.32[kg.m2] 0.5666[kg.m2] 
p2 0.12[kg.m2] 0.0819[kg.m2] 0.1594[kg.m2] 
p3 0.108[kg.m2] 0.0725[kg.m2] 0.1442[kg.m2] 
β1 1.2684[kg.m2] 0.8528[kg.m2] 1.4993[kg.m2] 
β2 0.3884[kg.m2] 0.2587[kg.m2] 0.485[kg.m2] 
β3 0.045[kg.m2] 0.0304[kg.m2] 0.0626[kg.m2] 
fd1 5.3[Nm.s] 4.6[Nm.s] 4.8[Nm.s] 
fd2 2.4[Nm.s] 1.9[Nm.s] 1.6[Nm.s] 
fd3 1.1[Nm.s] 0.8[Nm.s] 1.2[Nm.s] 
l1 0.2[m] 0.3[m] 0.25[m] 
l2 0.25[m] 0.3[m] 0.35[m] 
l3 0.25[m] 0.3[m] 0.25[m] 
k1i 0.5,0.5 0.5,0.5 0.5,0.5 
k2i 2,2 2,2 2,2 
k3i 50,50 50,50 50,50 
k4ij 35,35 35,35 35,35 
k5ij 60,60 60,60 60,60 
γi 3,3 3,3 3,3 
Γi 0.01,0.01 0.01,0.01 0.01,0.01 
α 15 15 15 
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4(1−d 

ǁei(t)−ej(t−Tij(

+
Σ

δij 

h 

Σ 

Σ 

j∈ i 

δijϑ3ijd
2

 

t−Tij 

Proof1:Tobeginthestabilityanalysis,wedefineanon
function as 

V1(t)= V1i(t) 
i∈  

1Σ
(

T T 
 

 
 

+rTγirfi 

+ δij(ei(t)−ej(t −Tij(
j∈ i 

×k4ij(ei(t)−ej(t−Tij(t))) 
+
Σ

δij(ef(t)−ef(t−Tij(t
i j 

j∈ i 

× k5ij(rfi(t)− rfj(t −Tij(t

thatcanbeupperandlowerboundedasλ1iǁyiǁ
λ2iǁyiǁ2Differentiating(17)withrespecttotimeand 
tuting(6),(5),e˙i,(15)withsomealgebraicmanipulations
obtain ( 

Σ h i 
V˙1(t)≤  

 
i=1 

−m1ij1ij
+λmin{k1i}ǁηiǁ

i

+
1

ǁθ˜ǁ2−kǁr 
 

ǁ2−kǁe 

 
  

 1 i 
 

 

− δ k6−(1+ 
1 

4(1−dij
j∈ i 

× ǁrfi(t)−rfj(t− Tij(t))ǁ2 

+ δij(1−dij)ϑ1ijǁηj(t−Tij(t
j∈ i 

 

 
j∈ i 

+
Σ

δij(1−dij)ǁefj(t−Tij(t))ǁ2

Σ 
+ 

j∈ i 

δijd2(1−dij)ϑ3ijǁrfj(t−T

wherej1iandj1iarelowerboundsofǁJi(qi)ǁand
respectively.Toanalyzethestabilityoflastfourterms
catingtime-delay,wedefineaLyapunov-Krasovskii

 
V2(t)= V1i(t)+ 

i∈  
j

Σ

∈ i 

 

δijϑ1ij 

t 

 

t−T

+ 
j∈ i 

Σ 
 

δijϑ2ijd
2

 

 

t 

 
t−Tij 

∫t 
 

eT(ω)e

 
rT(ω)rfj

ǁej(t−2ij )ϑ ij d2(1−d 

) ij 

1+ λmin{k4ij} − δij − 

i∈  
2 

∫ 

= 

2 4 + ǁzi(t)+ Γi(ǁYiǁ +ǁYiǁ)ǁηi

fi 

j∈ i 

+ 

+ 

i 
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Fig.2:End-effectortrajectories(a)Without
(b)Withsynchronization. 

t)))T Σ∫t 
+ 
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t−Tij 

eT(ω
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ǁ2≤V1i≤ 
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h
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+
h
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 i i i 
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h
k 

 
−

 
ǁ2−k 

 
ǁeǁ2 −

h
k8i− δliInxn

i
ǁefiǁ

2
 

    h Σ 
   

 2 
−
Σ

δ
h

λ {k 
 

) 
ij) + 

 1 i
ǁe(t)− e

−
Σ

δ
h

k − (1+
t))ǁ2

 

 

ij 6ij 

j∈Si 

 

 

2 Forthegeneralsystem,wecanreform(20)

V2(t)≤−

Tij(t))ǁ2 . (18) andwecansolvethedifferentialinequalityas
q 

andǁJi(qi)ǁ, 
respectively.Toanalyzethestabilityoflastfourtermsindi- 

λmin 

Krasovskiifunctional as From(22),wecanconcludethaty
inTheorem1(i.e.ηi,rfi,ei,efi,e

 

Tij 

ηT(ω)ηj(ω)dω 
assumption that desired trajectory 
task function g(t) and g˙(t) 
standardsignalchasingarguments, wecansaythatall

ej(ω)dω 

 

remainbounded. 
 

IV. Numerical

rfj(ω)dω 

(t))ǁ2 ij −T 

4d 
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i 
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Thesuggestedfilter-basedrobustsynchronization
wastestedinSimulinkTMofMatlab

) 

i 

) 

International Journal of Scientific Research & Engineering Technology (IJSET) 

4d 

 j ij
 

li li fi 

i∈Sl 

d2
 

4ij 4 2 
ij 

1 ˜2 

maxǁθ˜ǁ2(1−exp(−Kt)). 

. (20) 

 
 
 

 
0.2 

 
 

0.15 
 
 0.1 

0.05 

(b) 

trajectories(a)Withoutsynchronization 

 
) 

ω)efj (ω)dω (19) 

that can be boundedsimilar as V1iand we can write the upper 

 {k}
i
ǁηǁ2 

min 1i i 

)+
Σ

δϑ 
i
ǁηǁ2 

 i li1li i 

−
Σ

δϑ 

i∈Sl 

d2
i
ǁrǁ2 

 i 

  

 }−1+
1−dij+

(1−dij) 

e(t−T(t))ǁ2 

+  1 )
i 

4(1− dij) 
) 

Forthegeneralsystem,wecanreform(20)as 

−Kǁyǁ + ǁθǁ 
4Γ 

(21) 

andwecansolvethedifferentialinequalityas[15] 

4ΓKλmin 

(22) 
y(t)isboundedasgiven 
esyn∈L∞).Underthe 

assumption that desired trajectory xdiand its derivatives, sub- 
) are all bounded, by employing 

standardsignalchasingarguments, wecansaythatallsignals 

NumericalStudies 
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Fig. 4: Joint positions (a) Without subtask function (b) With 
subtask function. 
robotmanipulatorswiththedynamicmodelpresented
[16] and parameters given in Table 1. It was assumed that 
linklengthsareknownandtheotherparametervalueswere 
estimatedtobe20%,30%and15%forRobot1,2and 
3incorrect,respectively.Time-delayvaluesoncommunica
tion graph were taken as T1,2= 0.1 
0.12+0.05sin(0.5t), T3,1= 0.15+0.14sin
trajectory of robot manipulators was defined as 
xdi(t)=[0.6+0.1cos(t)0.9− 0.1sin(t)]T[m].
tiong(t)was selected for all robots as 
0.5q1)[1− 11]Tas given in [13], to obtain the optimum 
linkconfigurationisgivenby (q3− 0.5q2)=

End-effector positions of robot manipulator are 
presentedinFigure2(a)and(b).Itisclearthatundertheeffect of 
synchronization, end-effectors of robot manipulators meet 
before they tracktothegiven desiredtrajectory. Itcanbe 
seenfromtheFigure3thattrackingerrorsofeachrobot and 
synchronization error between them stay in a boun
zero. Finally, Figure 4 shows that sub
functiong(t)ensurestheoptimumlinkconfigurationofeach
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V. Conclusion

In this work, we presented a complete solution for cooper
ative end-effector position synchronization of robot manipu
lators under the effects of time
uncertainties. We proposed a filter
scheme to achieve aforementioned control objectives without 
velocitymeasurement.Theproposedstructureensuresthe
chronizationunderadirectedcommunicationnetwork,
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Fig. 3: (a) Position errors of each robots (b) Synchronization errors. Future work will be on extending this result to global 
asymptotic synchronization. 
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Conclusion 
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